I showed that how Bose-Einstein condensation (BEC) in a non interacting bosonic system with exponential density of the states function yields to a new class of Lerch zeta functions. By looking on the critical temperature, I suggeted a possible strategy to prove the "Riemann hypothesis" problem. In a theorem and a lemma I suggested that the classical limit → 0 of BEC can be used as a tool to find zeros of real part of the Riemann zeta function with complex argument. It reduces the Riemann hypothesis to a softer form. Furthermore I proposed a pair of creation-annihilation operators for BEC phenomena. These set of creation-annihilation operators is defined on a complex Hilbert space. They build a set up to interpret this type of BEC as a creation-annihilation phenomena of the virtual hypothetical particle.
I. INTRODUCTION
In statistical physics there are many examples of critical phenomena where the system undergoes phase transtions below speciefic values of temperature/density or other physical quantities. A remarkable example is the BEC were finally demonstrated experimentally in dilute alkali gases by a group of reseachers and brongs 2001 Nobel Prize in physics [1] . From physical point of view the system in BEC phase exist in the very low temperatures regime T . In the bosonic systems , all bosons condense to the ground state with the lowest energy. At this phase the Particles become strongly correlated with a distribution of particles both in coordinate and momentum variables. The correlation between particles happended when their thermal wave-lengths λ becomes larger than λ c which is function of the mass of an individual condensate particle , the number density n = 1 v = N V (N is total number of particles and V is volume) and k B as Boltzmann's constant [2] - [7] . Later it was discovered that BEC can be emerged in the molecular form in Fermi gas [8] . From the mathematical point of view , the BEC waves are solitons waves with shape invariant forms [9] . The applications of BEC didn't limit to statistical physics, in relativistic cosmology one can build dark matter model using BEC [10] as well as dark energy [11] . Furthermore one can solve Einstein field equations in general relativity with cylindrical sysmmetry with BEC matter as energymomentum source and find out cosmic string solutions [12] . In relativistic astrophysics, the general relativistic stars can be formed with BEC matter sources [13] . A remarkable discovery was by Horwitz et al., in ref. [14] , where they discovered a new relativistic high temperature BEC regime. According to Horwitz et al.,the mass spectrum of such a system was bounded.
In this letter I investigated a generlized energy density function for a dilute non interacting bosonic gas in the grand canonical ensemble theory of standard statistical mechanics. I showed that density and pressure can be calculated in the closed forms in terms of a generalized function , named Lerch function (sometimes called as Hurwitz-Lerch-Phi function). This class of generalized functions are considered as healthy well possed version of Riemann's zeta function and have recently reintroduced to the community in a series of works by Lagaria & Li. in refs. [15] - [19] . As far as I know [20] , this rich family of special functions don't have used in physical problems specailly when we see they are potentially related to the Riemann hypothesis and can be used to find a solution to this old problem which listed as a "millennium-problem" [21] . As an interesting mathematical physics problem in this letter I explored the role of this Lerch functions in a realistic statistical problem relating to BEC.
II. BEC FOR AN EXPONENTIAL DENSITY OF STATES FUNCTION
The grand partition function for the bosonic gas system given by
here z = e βµ is the fugacity of the gas and is related to the chemical potential µ ,β = 1 kB T and ze −βǫ < 1, ∀ǫ. Furthermore, for enough large volume V , the spectrum of the single-potential state is almost a continous on R, the reason is that the single-potential state of a boson in a cube is proportioal to E n ∝ n 2 V −2/3 here n denotes a collective set of quantum numbers (n x , n y , n z ) and V denotes the volume. We observe that:
as a result, we can use the integral instead of summation ,
here we consider a bosonic system in which the density of state function a(ǫ) in the vicinity of a given energy ǫ given by
Note that by substituing this density function (2.4) into the (2.1) we are eventually give a weight to the ground state ǫ = 0 incorrectly, because in the quantum mechanical approach , each non-degenerate single particle state in the system has a unity weight , we calculate the ǫ = 0 term, we obtain: , furthmore the aim will be to rewrite all expressions in terms of the following generalized Bose-Einstein functions , which will be related to Lerch functions:
If we calculate the integral, we obtain:
here Φ(ν, z,c) = zΦ(ν, z,c + 1) is the Lerch transcendent function or Lerch zeta function [15] - [19] . Note that ifc = z = 1,the Lerch function (2.8) reduces to the Riemann zeta function :
Now we can calculate (2.5,5.10) using (2.8) we obtain:
We can find an equsation of state using (2.10,2.11) , for z ≪ 1 we can find an explicit equsation of state as follows:
Furthermore we obtain:
We can find critical temperature T c for our system. Let us rewrite equation (2.10) in the following equivalent form: For small z, we have the power series (2.9). At z = 1 and forc ∈ R + , its value is finite and is called HurwitzZeta function :
Thus for all z,c ∈ R, we conclude that N0 V > 0 when the temperature and the specific volume satify the following inequality: It implies BEC phenomena, the occupiation of ground state with more particles. For a specfic volume v, we define "implicitly" a critical temperature T c :
For ckT c ≪ 1 we can solve (2.17) and find
for a lower bound on the Boson mass as m ≥ 7.4c 2 . Such lower bound on the mass of the Boson (Higgs) proposed in [22] .
A simple algebraic manipulations can be done to show that the quantity N0 V is a simple two-part function of
where to find the critical exponent ∆ we need numerical estimation in equation (2.17).
III. MORE ON DENSITY OF STATES FUNCTION
There is a nice relationship between the exponential density of state function given in (2.4) and momentum of the particle p , is given as the relation between volumes in configuration space V q and phase space V q, p as follows,
here g denotes the number of degrees of freedom for bosonic system (in our case is g = 3), by integrating this expression we find an atypical dispersion relation as following:
here p ≡ | p| > 0, by P Log z we mean the principal solution for w ∈ C in equation z = we w and α = √ 2c
For ultra-energetic particles p → ∞ we have:
A remarkable observation is that for some values of α, γ we can obtain ǫ(p * ) = 0, p * = 0. If we solve equation (3.2) we find:
It defines a minimum momentum (effective mass) similar to the [14] , where the authors discovered a new relativistic high temperature BEC sytem with an additional mass potential of the ensemble existed. In our system we can demonstrate that there is no physical state with p < p * and the system has non zero energy even at zero momentum when p = 0. The energy of particle will be a monotonically increasing function of p for all p > p * . A Theorem can be stated as follows:
And a consequence of theorem III.1 is the following corollary:
Corollary III.1.1. There's no physical state with p < p * .
To prove theorem III.1 let us prove the following lemma:
Proof. To prove, we need to show that the energy spectrum given in equation (3.2) for p = p * (1 − η), |η| ≪ 1 becomes a complex function. Let us first rewrite energy spectrum near p * in the following form:
We expand the expression (3.7) as power series in η,
here ⌊x⌋ gives the greatest integer that is less than or equal to x and B = . Note that α < 0 and |η| ≪ 1, consequently ⌊η⌋ = 0 thus we can rewrite the above series as follows:
It proves our lemma.
IV. ON "RIEMANN HYPOTHESIS" PROBLEM AND CLASSICAL BEC
In this section I will show that how one can find Hurwitz-Zeta function with complex argument Φ(a + ib, 1,c) using the following density of states function:
for a, b, c ∈ R. Then by taking limit c → 0, we lead to Zeta function ζ(a + ib). The Riemann hypothesis will translate to a problem of finding specific values for T c ≫ 1. Let us use density (IV) to evaluate the grand partition function (2.1). It is adequate to rewrite (IV) as follows:
We can find an A such that lim c→0,a→
, by plugg it into the integral (2.7) we obtain: kT c = 2π
We can rewrite the above equation in the following equivalent form:
In Fig.(2) we plot ℜ{ζ(a + ib)} in the half-plane a ≥ 1. The region where ℜ{ζ(a + ib)} < 0 investigated in ref. [23] , where the authors proposed algorithms to compute accurately the supremum of a ≈ 1.19 such that ℜ{ζ(a + ib)} ≤ 0 for b ∈ R. This supremum value of a leads to the density function The above lemma implicitly encourage us to find a classical limit of BEC. Such classical limit well investigated before in literature [24] - [25] . To find the classical analogoue of BEC, we need to have a relativisic classical Gibbs ensemble theory . The Gibbs ensembles in relativistic classical and quantum mechanics investigated in [26] . The existence of classical BEC state depends on how to realize classical condensate state as a macroscopic matter wave. The finger prints of quantum matter waves observed in [27] where the authors observed the transition temperature T c which is lower than the thermodynamic limit. In ref. [24] , the author suggested it is possible to have BEC as the coherent dynamics of the system. There is a chance of detecting axions as classical fields for BEC at large scale proposed in [25] where the author suggested that the axions as a motivated dark matter candidate can be considered as a BEC. The classical limit of BEC can be underestood when we consider condensate field as a classical field , in analogous to the classical limit of quantum optics. If we have many quanta in each mode , then the fields are treated as the classical fields. As next step we can use the classical fields approximation. We will need two point correlation function . These correlation functions can be depend on the resolution of detectors in an appropriate experimental set up (coarse graining) and we can use the Onsager-Penrose definition of the condensate [28] . I conclude that further studies about classical limits for BEC can be useful to find a general formula for zeros of zeta function on complex plane. My idea here deserved to be considered as a physical proposal to mkae a connection between a pure mathrematical hypothesis and a realistic case of physical situation in nature. Before this calculations done, we were not aware about the connection bwtween zeta function with complex argument and the statistical behgavior of a gaseous system. The difficulty was to set up the complex argument in zeta function to the parameters of statistical system. I shopwed that how the real part of the zeta function can be related to the critical temperature and it manifests a nice connection between pure mathematics and applied physics.
V. CREATION-ANNIHILATION OPERATORS FOR BEC
In this section, Im going to study further field theoretic aspects of such atypical condensation phenomena in terms of the creation(raising) and annihilation(lowering) oprators pair proposed for Hurwitz-Lerch-Phi function by Lagaria & Li. in refs. [15] - [19] . My focus is to explore the hidden physics of these operators in the mechanism of BEC in our system. In my study I found that the Lerch-zeta function Φ(a + ib, z,c) plays an essential role. The pair of differential-difference operators 
Note that these operators are nonself-adjoint linear operators acting in a Hilbert space, a reason is that the following integral identity no longer is valid:
That is a reason that the corresponding eigenvalues of these operators are not real number and their corresponding wave functions can't build an orthonormal basis for the Hilbert space. which should be hild for any self sdjoint operator and any function. The Lerch differential number operator is defined as follows:
The Hamiltonian's like operator can be written as
combining equations (5.5,5.6) we conclude that
We can interpret above operator equations as creation and annihilations equations to create and annihilate a hypothetical virtual boson named "Lerchton" be responsible for BEC with exponential density of state function. This pair production phenomena happens at phase space spanned by two coordinates (ln z,c). It follows that
is real and positive -definite for ν ∈ R + . We plot number of particles (5.10) in figure (3) .
From figure (3) we learn that the number of the particles become infinity when ν → 1. It implies an existed BEC condensation at state |1,c > as the ground state there isn't any particle at this level.
of the system. Fuurther works can be done to build the Fock space corresponds to the multiparticle states. Just for curiosity I will study coherent states correspondingh to the annihilation operator D − L , as the solution to the following differential-difference equation:
using equation (5.6) we can tranform it to the folllowing equation:
Note that here ν is a commultative symbol for a more general measure dν over full complex plane ν ∈ [−i∞, i∞]. The equation (5.12)is a differential-difference equation should be solved for C ν . Note that Φ(ν, z,c) are considered as a set of linearly independent functions because they are eigenfunctions for the general operator D L . A possible ad-hoc solution to equation (5.12) is given for C 0 = 0 and the coherent state corresponds to it is expressed as follows:
We stress here that the above coherent state isn't normalized, but we can make it normalized if we opt
Where we taking into the account all values of ν ∈ C.
A. Finding minimum of ν via variational method
The eigenvalue-eigenfunction operator equation given in (5.7) provides an easy way to find minimum of ν through a useful variational method. It is needed we introduce a suitable functional on the phase space (ln z,c) in the form that the resulted Euler-Lagrange equation gives us the linear second order partial differential equation proposed in The eigenvalue-eigenfunction operator introduced given in (5.7). A possible functional to be minimize for a trial function ψ is given as following:
It defines a single-valued analytic functional to the region ∂✷ and the trial function ψ should satisfy the essential boundary condition:
A possible trial function can be ψ(z,c) = (1 +c)z we evaluate (5.15) we obtain ℜν 0 = −1.
VI. SUMMARY
The special functions of mathematical physics play essential roles to build new physics and develop new mathematical tools in modern physics. The Hurwitz-Lerch-Phi function proposed as an attempt to generalize Riemann zeta function to complex plane as well as break its non simplicity to write it as a solution for any linear partial differential equation, the last was Riemann's attempt for zeta function. The Riemann zeta functions appeared as key functions in study statistical mechanics on a non interacting Boson dilute gas in grand canonical ensemble. So far in my knowledge there isn't any physival system with Hurwitz-Lerch-Phi functions as their key functions. As a pioneering work I demonstrated that statistical mechanics for an expoential density of states functions leads to Hurwitz-Lerch-Phi function. If we set the Lerch parameter to zero , it was showed that the statistical expressions for number density (speciefic volume) and pressure can be represented as real part of the Hurwitz-LerchPhi function. A remarkable observation was the Bosonic system doesnt exist for momentum below a specific momentum p * , where below this value the energy spectrum becomes complex and it will break the reality of our system. This statement proved in details by considering the left branch of the energy spectrum function. Furthermore I showed that there is a real valued density of states function with a supremum value over whole energy ranges. I proposed a softer theorem in support of the idea that the roots of real part of the zeta function in the half-plane of the complex argument can be obtained in general close form from investigating classical limits of condensation phenomena. I mention here that such classical limits can be uderstood by two ways: one is by passing to → 0 of the system and secondly by considering very hot (high) temperature bath in condensed phase. A field theoretic point of view introduced to interpret the Lerch functions as normalized stste for an irregular type of number operator in Fock space. I demonstrated that the number of particles in a given state can be a positive number on the half-complex plane of the zeta function parameter ν. It provides a systematic basis to study multiparticle states for such BEC system from field theory point of view. In the forthcoming paper I will study more field theoretical aspects of this system. The aim will be to prove Riemann hypothesis in the softer form that proposed in this paper.
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